We show that a surjective map between compact ANR's (absolute neighborhood retracts) is a homotopy equivalence if the fibers are contractible and either the domain is simply connected or the fibers are also ANR's. This is a geometric analogue of the Vietoris-Begle theorem. We use it to show that if L is a locally convex topological Riesz space, C ⊂ L is compact, convex, and metrizable, x ∈ L, and the function y → x ∨ y (y → x ∧ y) is continuous, then { x ∨ y : y ∈ C } ({ x ∧ y : y ∈ C }) is contractible.
Among other ways that C may be metrizable even if L is not, we mention that Varadarajan (1958) has shown that if L is the space of measures on a compact metric space with the weak topology, then the lattice cone L + = { x ∈ L : x ≥ 0 } is metrizable, but L is metrizable only under quite restrictive conditions.
In economics the existence of equilibrium is frequently proved by applying the Kakutani fixed point theorem and its infinite dimensional generalizations to upper hemicontinuous convex valued correspondences. The author was led to wonder whether Theorem 3 might be true because it gives a method of passing from a convex valued correspondence to a contractible valued correspondence, to which the Eilenberg-Montgomery fixed point theorem (Eilenberg and Montgomery (1946) ) might be applied.
The Proofs of Theorems 1 and 2
In this section X and Y are compact connected ANR's and f : X → Y is a continuous surjection.
The proofs of Theorems 1 and 2 verify, respectively, the hypotheses of the following two results of Whitehead (1948) (Theorem 1, p. 1133, and Theorem 3, p. 1135) . (Actually the hypotheses of Whitehead's Theorem 1 are somewhat weaker.)
Proposition 1 If π n (f ) : π n (X) → π n (Y ) is an isomorphism for all n, then f is a homotopy equivalence.
Fix a point x 0 ∈ X, and let y 0 = f (x 0 ). LetX andỸ be the universal covering spaces of X and Y , with respect to the base points x 0 and y 0 , and letf :X →Ỹ be the lift of f with respect to these base points.
Proposition 2 If π 1 (f ) : π 1 (X) → π 1 (Y ) is an isomorphism and, for each n = 2, 3, . . .,H n (f ) :
H n (X) →H n (Ỹ ) is an isomorphism, then f is a homotopy equivalence.
Because they are metric spaces, X and Y can be embedded in Banach spaces, and since they are ANR's, there are retractions r : U X → X and s : V Y → Y where U X and V Y are neighborhoods in the respective Banach spaces. Let W ⊂ Y × Y be a neighborhood of the diagonal such that (1 − t)y 0 + ty 1 ∈ V Y for all (y 0 , y 1 ) ∈ W and t ∈ [0, 1]. For a positive integer k let B k+1 be the closed unit ball in R k+1 , and let S k be its boundary.
We present the proof of Theorem 2 first, because doing so allows many of the ideas and techniques used in the proof of Theorem 1 to be introduced in a simplified setting.
Lemma 1 If each f −1 (y) is path connected, then for any open V 0 ⊂ Y and any y ∈ V 0 , there is an open V ⊂ V 0 containing y such that, for any η ∂ :
the distance from η ∂ (1) to x 1 are both less than δ. Let π : [0, 1] → f −1 (y) be a continuous path with π(−1) = x −1 and π(1) = x 1 . We define η :
Proof. It suffices to show that any map g : S 1 → Y approximately lifts to X in the sense that there is a γ : S 1 → X such that (g(p), f (γ(p))) ∈ W for all p ∈ S 1 , because then h(p, t) = s((1 − t)g(t) + tf (γ(p))) is a homotopy between g and f γ.
It is easy to produce a triangulation T of S 1 such that the maximum diameter of any g(σ)
is less than ε 1 . For each k = 0, 1 let T k be the set of k-simplices in T , and let T (k) = σ∈T k σ be the k-skeleton of T . Construct a map γ 0 : T (0) → X by letting each γ 0 (v) be an element of
Consequently we can define γ 1 | σ to be an extension of γ 0 | ∂σ such that γ 1 (σ) ⊂ f −1 (V ). Evidently γ 1 has all desired properties.
It is now easy to prove Theorem 2. The last result implies that π 1 (f ) is surjective, and since X is simply connected, it is also injective, hence an isomorphism. In particular Y is simply connected.
Furthermore, since X and Y are simply connected,X,Ỹ , andf are (up to irrelevant formalities) just X, Y , and f . As we mentioned previously, since each fibre f −1 (y) is contractible, it is acyclic, andX = X is compact, so the dual Vietoris-Begle theorem of Volovikov-Ahn and Dydak implies thatH n (f ) is an isomorphism for all n ≥ 2, after which Proposition 2 implies that f is a homotopy equivalence. (The dual Vietoris-Begle theorem is specific to Alexander-Spanier homology, and Whitehead does not specify which homology theory he is using. However, it is well known that Alexander-Spanier homology agrees withČech homology on compact Hausdorff spaces, andČech and singular homology agree on ANR's (Dugundji, 1955 , Kodama, 1955 , Mardešić, 1958 .)
and, for any positive integer k and continuous η ∂ :
Using the representation of points in B k+1 as products tp of scalars t ∈ [0, 1] and points p ∈ S k , for a given continuous η ∂ :
This contradicts z 0 ∨ 0 = y if w 0 = 0, so w 0 = 0 and, symmetrically, w 1 = 0, so y ′ = y, which shows
As convex subsets of a locally convex space, C and the fibers u −1 (y) are ANR's (McLennan, 2018, Prop. 8.3) . Of course the fibers are contractible because they are convex, and C is simply connected because it is convex. It now suffices to show that D is a compact ANR because then Theorems 1 and 2 imply that it is homotopy equivalent to a convex set. Of course D is compact because it is the continuous image of a compact space.
The Urysohn metrization theorem (Kelley, 1955, p. 125 ) asserts that a regular T 1 space is metrizable if it has a countable base. As a topological vector space, L is regular (Schaefer, 1999, p. 16) , it is T 1 because it is Hausdorff, and D inherits these properties. Let a countable base of C be given. For any y ∈ D and any neighborhood V of y, f −1 (y) is compact, so it is covered by a finite union of base sets that are contained in f −1 (V ), and the image of this union is an open set that contains y and is contained in V . Thus the set of images of finite unions of base elements is a countable base for D, so D is metrizable.
Standard results imply that, as a metric space, D can be embedded as a closed subset of a convex subset E of a Banach space (McLennan, 2018, Th. 6.3) choose an x U ∈ D such that the distance from U to u(x U ) is less than twice the distance from U to D. Let {ϕ U } U ∈U be a partition of unity subordinate to U . Define ρ : E \ D → D by setting
Let r : E → D be the function that is the identity on D and ρ on E \ D. Since D is closed in E, r is continuous at each point in E \ D. Consider a point y ∈ D and a neighborhood V ⊂ D.
Because C has a countable base, there is a sequence W 1 ⊃ W 2 ⊃ · · · of convex neighborhoods of u −1 (y) such that i W i = u −1 (y). If, for each i, there was a point w i ∈ W i \ f −1 (V ), a convergent subsequence would converge to a point w ∈ f −1 (y) such that (by continuity) u(w) / ∈ u −1 (V ). Of course this is impossible, so there is a convex neighborhood W ⊂ C of u −1 (y) such that u(W ) ⊂ V .
Let V ′ ⊂ V be a neighborhood of y such that f −1 (V ′ ) ⊂ W . Let δ > 0 be small enough that V ′ contains the ball of radius δ (in D) centered at y, and let V ′′ be the ball of radius δ/5 (in E) centered at y. Consider a point z ∈ V ′′ \ D. If z ∈ U ∈ U , then U is contained in some B w whose radius is less than the distance from U to y, so U is contained in the ball of radius 3δ/5 centered at y. The distance from U to u(x U ) is also less than twice the distance from U to y, so the distance from y to u(x U ) is less than δ, and thus u(x u ) ∈ V ′′ and x U ∈ W . Since this is true for all U ∈ U such that z ∈ U , U ϕ U (z)x U ∈ W and ρ(z) ∈ V . That is, given a neighborhood V ⊂ D of y, we have produced a neighborhood V ′′ ⊂ E such that r(V ′′ ) ⊂ V , so r is continuous at y. Thus r is continuous, hence a retraction, and the proof is complete.
